Introduction
The most common type of transmission mechanisms in machines and assemblies are the toothed gears. When transferring the torque, the engagement is exposed to the action of a normal force (F n )) and a friction force (F s ), which is associated with sliding ( Fig. 1 ). Under the influence of these forces, the tooth enters the complex stressed state. The decisive effect on its efficiency is exerted by contact stresses (σ H ) and bending stresses (σ F ) that change over time in line with a certain intermittent cycle initiated from zero. Alternating stresses are the cause for a fatigue failure of teeth: the fracture of teeth that are exposed to the bending stresses and the spalling of working surfaces of teeth due to the contact stresses. The contact stress and friction in the gearing are also associated with wear, seizing, and other kinds of damage to the teeth surfaces. Because the contact stresses are the cause of a fatigue failure, the basic criterion of efficiency and calculation of closed transmissions is the contact strength of teeth working surfaces ( max σ ). However, when calculating the active surfaces of teeth for contact strength, the influence of a lubricant is almost ignored. Instead, a factor of the lubricant effect is introduced to the calculation, whose value as a random variable is accepted in most cases equal to unity. Therefore, it is a relevant and practically interesting to calculate toothed gears for contact strength of the active surfaces of teeth considering the effect of lubrication and a friction factor between the conjugated surfaces of teeth.
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Основними критерiями працездатностi переважної бiльшостi зубчастих механiзмiв є контактна витривалiсть сполучених поверхонь зубiв i згинальна витривалiсть нiжок зубiв. При цьому розрахунок по контактним напруженням є основним з точки зору визначення геометричних розмiрiв зубчастих механiзмiв, а розрахунок на вигин зубiв є перевiрочним. Як вiдомо, для продовження довговiчностi i збiльшення працездатностi та несучої здатностi зубчастих механiзмiв використовуються рiзнi мастильнi матерiали. Однак через недостатнє вивчення питання впливу мастила на контактну витривалiсть активних поверхонь зубiв в традицiйних методах розрахунку зубчастих передач (наприклад, згiдно з ГОСТ 21354-87) коефiцiєнт впливу мастила прирiвнюється до одиницi, тобто розглядається iдеальний випадок, коли тертя вiдсутнє. Такий пiдхiд призводить до неточної оцiнки несучої здатностi зубчастих передач, що може виявитися як причиною їх передчасного виходу з ладу, так i привести до завищення їх геометричних розмiрiв. В роботi вирiшена контактна задача стикання двох тiл довiльної форми, близьких до напiвплощин при кiнцевому коефiцiєнтi тертя i було встановлено, що значення отриманої контактної напруги перевершує напругу, яка обчислена згiдно з вiдомим рiшенням Герца на 6 %. Запропонована методика розрахунку зубчастих колiс на контактну мiцнiсть при кiнцевому коефiцiєнтi тертя, без припущень про малiсть дiлянки дотику i форми кордонiв, дозволяє оцiнити здатнiсть навантаження зубчастих передач з урахуванням впливу мастила i наявностi тертя мiж сполученими поверхнями зубiв. Отримано аналiтичний вираз для коефiцiєнта впливу мастила на пiдставi рiшення контактної задачi тиску жорсткого штампа на пружну напiвплощину за критерiєм коефiцiєнта тертя мiж сполученими поверхнями зубчастих передач. Це дозволяє оцiнити справжню навантажувальну здатнiсть зубчастих передач при впливi рiзних мастильних матерiалiв, що має важливе теоретичне i практичне значення при проектуваннi машин i агрегатiв Ключовi слова: коефiцiєнт впливу мастила, коефiцiєнт тертя, контактна напруга, дотичнi напруження, комплекснi змiннi, бiгармонiчна функцiя

Literature review and problem statement
Paper [1] has devised a procedure for calculating the contact strength of toothed gears with respect to friction between teeth, and derived analytic expression to estimate the influence of a lubricant on their load capacity. However, the authors failed to account for the effect of the maximum shear stress on geometrical parameters of the toothed gears.
Study [2] developed a procedure for designing toothed gears, which uses maximum surface shear stresses as the estimation to assess the fatigue spalling processes. These stresses, in addition to the geometrical and mechanical parameters of toothed wheels, take into consideration the tribological properties of contact at the active surfaces of teeth. However, the geometrical parameters of a toothed gear are determined depending on the molecular effect of a friction coefficient, while the influence of the deformation action has not been studied.
Article [3] constructed an algorithm and developed software for detailed study into the impact of friction on the strength characteristics of regular toothed gears. This creates the prerequisites for taking the friction forces and load factors of the teeth into consideration in the form that most closely corresponds to actual conditions. The analysis performed shows that when taking the friction into account the dependences of forces and moments in toothed gears are the nonlinear functions that depend on the angular coordinate of the driving wheel and the current values for friction coefficients between teeth and in supports. In this case, the nature of non-linearity is determined not only by the kind of friction forces, but mainly by a change in the parameters of engagement when moving from a two-pair contact between teeth to the one-pair contact. However, the authors did not consider the influence of friction forces on load capacity of the toothed gears.
Paper [4] addressed the conditions for contact between cylindrical toothed gears, as well as the technological methods of influence when forming the involute surface of teeth, at which the teeth of one gear slip relative to the profile of the conjugated wheel and the friction-slip forces. The loss of energy for friction in the toothed gears reaches 10 % of the total energy loss to overcome friction. It is shown that in the force calculation of cylindrical toothed wheels it is necessary to take into consideration, in addition to dynamic loads, the efforts of rolling friction-slip in the toothed gears. However, the paper lacks the mechanism of influence of lubricants on load capacity of toothed gears; also, insufficiently studied is the interaction between contact-hydrodynamic parameters in terms of the friction factor.
Article [5] describes engineering methods, developed by the authors, for the calculation of geometrical parameters for a contact between smooth bodies of arbitrary shape and curvature in the presence of elastoplastic deformation in the contact area. The paper describes a procedure for applying the estimation dependences in order to solve engineering problems related to analysis, interpretation, and prediction of contact deformation at static and impact force interaction between machine components. However, the authors failed to account for the maximum shear stress associated with sliding.
Study [6] reports the necessary information about the materials and geometry of toothed gears, technological and operational requirements, disregarding which makes it impossible to perform calculations in line with modern techniques. The peculiarities in the calculation of efficiency of toothed gears are given, with respect to the malleability of their links. However, the author did not examine the influence of a friction force on load capacity of the toothed gears.
Paper [7] describes results of the finite element calculation of the contact interaction between two elastic circular cylinders of finite length with intersecting axes as a model of contact interaction between teeth of the involute straighttooth toothed gear when the axes of the toothed wheels are skewed. It was established that the determining factor that breaks, when skewed, the Hertz relationships between the contact parameters, and which significantly affects its load capacity, is the ratio of the summary vector of the assigned load to the length of the contact area in the direction of forming cylinders. However, the simultaneous action of normal and tangential forces, associated with the relative sliding of teeth, was not considered in the paper.
Study [8] dealt with issues related to ensuring the resistance to the contact fatigue in the highly stressed toothed wheels in the transmissions of auto tractor vehicles. The influence of the microstructure of strengthened surface layers on resistance to the contact fatigue of cemented toothed wheels is shown. There is a procedure for the calculation and prediction of the toothed wheels' resource with respect to the quality of the structure of strengthened layers. The authors considered methods for determining the hardenability of cemented construction steels. They gave recommendations for choosing rational parameters for the technological regimes in the chemical-thermal treatment of toothed wheels in energy-intensive machines with high performance characteristics. However, the authors failed to study the stressed-deformed state of toothed gears when there is friction between the teeth of toothed gears.
Paper [9] provides the basic concepts of the mathematical theory of elasticity, and derives complete systems of equations, as well as proves the assumptions on these equations. In [10, 11, [14] [15] [16] [17] , there are basic data on the calculation and design of toothed gears and their components based on the main criteria for their operation efficiency. Studies [12, 13] report results obtained in the course of experimental study on the evaluation of influence of various parameters on a friction coefficient.
Paper [18] gives a comparative estimation of the service life of cylindrical toothed gears based on the two basic criteria of efficiencythe contact and flexural strength of teeth. However, the author did not study the influence of lubrication on load capacity of the toothed gears.
In works [19] [20] [21] , in order to determine a factor of influence of lubrication K L on contact endurance of the active surfaces of teeth, a probabilistic calculation method was employed. However, only the mathematical expectation and the variance coefficient K L were taken into consideration rather than the estimation of the factor itself.
Thus, the issues on the influence of friction force on load capacity of the toothed gears under the influence of various lubricants remain to be solved.
The aim and objectives of the study
The aim of this work is to devise a procedure for calculating the toothed gears for contact strength with respect to friction between the teeth and the influence of lubrication.
To accomplish the aim, the following tasks have been set: -to reveal the mechanics of change in shapes and dimensions in a contact between two bodies of arbitrary shape, close to half-planes;
-to solve a boundary problem on the pressure of a rigid stamp on the elastic half-plane in the presence of friction;
-to derive a holomorphic relationship between a contact stress and a friction coefficient;
-to derive an analytical expression to estimate the influence of a lubricant on the load capacity of toothed gears for contact stresses.
A problem on the contact between two bodies in the shape of half-planes given the finite friction coefficient
The existing calculation procedure for toothed gears in terms of contact stresses is based on the Hertz formula, derived from the solution to the contact problem from elasticity theory under certain restrictive assumptions:
-the area of contact between surfaces is very small; -the friction coefficient between the conjugated surfaces is zero; -given the appropriate choice of coordinate axes, the equations of non-deformed surfaces in the vicinity of a contact place can be at sufficient approximation represented in the form 2 
. z Ax
Bxy Cy = + + This paper examines the issue on solving the problem on the contact of two bodies of arbitrary shape, close to halfplanes. When transferring the torque, the engagement is exposed to the action of a normal force (F n )) and a friction force (F s ), which is associated with sliding. Friction force occurs when the toothed wheels' wheel profiles slide relative to each other. At the engagement pole, the friction forces are zero, but at the stem and top of the teeth they are maximal. Therefore, a slip velocity is proportional to the distance between the contact point and the pole. The sliding is accompanied by friction. Friction causes losses in the engagement and leads to tooth wear.
In the drive teeth, friction forces are directed from the initial circle, and in the driven onesvice versa. At the constant diameters of wheels, the distance between the points of start and end of the engagement and the pole, and hence the slip velocity, increases with an increase in the height of the tooth or the engagement module. The low-module wheels with a larger number of teeth the sliding is smaller while the performance efficiency is higher than that of the large-module wheels with a small number of teeth.
Therefore, taking into consideration the presence of lubrication and friction at the conjugated teeth surfaces, the refined solution to the problem on contact between two bodies in the shape of half-planes at the finite friction coefficient is of practical importance.
In this case, the stated problem is a two-dimensional analog of the Hertz problem without assumptions about the smallness of the contact area and the shape of borders [9] .
It is known that the load permissible in terms of the contact strength of teeth of the toothed wheels is defined basically by the hardness of a material. For a better joint work of teeth, it is typically recommended to assign the hardness of a gear that would exceed the wheel's hardness by not less than 10-15 Brinell units [10, 11] ( ) This circumstance makes it possible to consider the conjugation of the surfaces of teeth of toothed wheels as the two elastic bodies ( 1 S and 2 S ), similar in their shape to halfplanes, which are in contact along sections " " ab ( Fig. 2) . The upper and bottom neighborhoods are to be distinguished by signs ( ) + and ( ) − , respectively. It is believed that the predefined or known conditions are the following:
-the shape of borders prior to deformation; -the principal vector of external forces that pressed body 1 S to body S 2 ; -strains and rotations of 1 S and 2 S at infinity are zero; -coefficient of friction between the conjugated surfaces is non-zero, and has the finite value f;
-the section of contact ab is to be determined; -body 1 S takes the lower half-plane, and body 2 S the upper one S + .
Assume that at the border of the elastic half-plane, beneath the surface of the gear's tooth (stamp)
where q is the specific pressure; τ is the shear stress; f is the friction coefficient, considered constant. Direct the Ox axis along the border of the elastic halfplane, and the Oy axisperpendicular to it, so that the elastic body takes the lower half-plane 0. y < It is obvious that with this choice of axes
It is expected that the gear's tooth (stamp) comes into contact with a tooth of the wheel (elastic half-plane) along one continuous section L ab = and can move only translationally. It is considered that the assigned magnitude of the total pressure of a gear's tooth (stamp) at the surface of the tooth of the wheel (half-plane)
In this case, the total tangential stress is, obviously, τ Σ =f·q Σ ; the principal vector of external forces acting on the gear's tooth (stamp) and balanced by the reaction of the tooth (elastic half-plane) is
, .
x y
We believe that bodies 1 S and 2 S are matched with complex variable functions ( )
. z The boundary conditions of our problem then take the form [1] , [9] :
where t is the abscissa of the point along the ; Ox ν is the projection of displacement onto the ; Oy ( ) f t is the assigned function that defines the gear's tooth profile (stamp);
( ) y f x = is the equation of the tooth's profile. In this case, the equilibrium equation takes the form
For x and y
The consequence of these formulae is the expression of second derivatives, the Laplacian and the biharmonic operator
With respect to displacement vectors 2 2
4
,
The integration for , z that introduces the additively inbound function from ,
Another integration leads to the desired representation
The function, introduced to the right side while integrating for z , is equal to ( )
This formula was first given by Goursat. Hereafter, we shall use for function U another expression, the expressions for its partial derivatives.
It is easily calculated
Instead of considering expressions for U x
is more convenient to consider the expression for complex combination ( ) ( ) ( ),
here for brevity we put it as ( )
It should be noted that any expression of the form (9) represents a biharmonic function if ( )
are the holomorphic functions of the complex variable z.
Indeed, by differentiating the first equation (10) for x and the second one for y and summing, we obtain
hence it follows that ΔU is the harmonic function. Therefore,
Under effort ( n X , ds n Y ds), acting on element ds of the contour's arc ab from the side of a positive normal ( n X , ds n Y ds): 
One can easily see
where 0 t is the positive direction of the tangent. By introducing these values to (13) , we obtain the abscissa of the point along axis ; Ox 14) or, in the complex form
With respect to this expression in formula (15), we obtain
If we give the element , ds first, the direction of axis , Oy and then the direction of axis , Ox we obtain
Adding and subtracting equations (18) and (19) , and replacing in the second result i with -i, we obtain
The principal vector (resultant force) acting on the finite arc ab, and the main moment ( ) M of the examined efforts relative to the coordinate origin, take the form:
hence, by integrating by parts, we find:
In order to express the stress and displacement components in the integrated form, we apply the following formula
according to formula (11) (here: E is the Young modulus, ν is the Poisson ratio). At the above assumptions and denotations, the boundary conditions (5) can be recorded as:
The first equation in the system of equations (28) shows that the function
is holomorphic over the entire plane and, since it must vanish at infinity, then over the entire plane 
where ( ) f t denotes a surge ( ) F z along the line of surges L, that is For the solution to the homogeneous problem, which may have a pole at infinity, the function ( ) 0 X z must satisfy condition [9] ( ) ( )
By introducing this expression to boundary condition (36), we obtain 
By computing the last difference based on the Sachotsky-Plemel formulae, we obtain the refined expression to determine the contact stress:
It is obvious that when 0 f = (then * 0 α = ) we obtain a solution for the perfect case where there is no friction between the surfaces conjugated.
To determine distance ab, we apply the following formula [9] ( ) ( )( )
where 0 P is the magnitude of the principal vector of external forces that press a gear to the wheel.
If function ( ) f t is even, that is ( ) ( ), f t f t − = then, for reasons of symmetry, we can take a l = − and , b l = + in advance, where l is determined from the following ratio ( ) .
If the body of the teeth is limited by circles of radii 1 R and 2 R , larger in comparison with the contact areas, then, believing ( )
we obtain solution (43) in the form *  *2  2  3  2  3   2  2  2  2  1 3
By introducing the latter to (48) to determine the greatest value of the contact stress, we obtain the following formula: cos ,
x p = ⇒ = Then ( ) 2 2 0
Employing formulae (49), (55) in (52), we come to the following value:
where Hlimb σ is the limit of contact resistance of the teeth surfaces corresponding to the basis number of stress cycles;
is the minimum factor of safety; -N Z is a durability factor; R Z is a coefficient that takes into consideration the influence of the initial roughness of the conjugated teeth surfaces; v Z is a coefficient that takes into consideration the influence of circumferential speed; L Z is a coefficient that takes into consideration the influence of a lubricant; X Z is a coefficient that takes account the size of the toothed wheel; w Z is a coefficient that takes into consideration the influence of difference in the hardness of materials of the conjugated surfaces of teeth.
By comparing the left and right sides of this expression, rejecting the terms of the second order of smallness, we obtain an expression to determine the coefficient of influence of a lubricant ( ) ( ) ( ) * *2 *3 2 * * 0,5 0,48 0,25 0,11 1 .
cos cos
Based on an analysis of expression (31), it was established that * . f α ≈ Taking this fact into consideration, after the expansion of ( ) * cos pα into a Taylor power series, with some simplifications, we obtain the following analytical expression for the coefficient of influence of a lubricant 
Based on the experimental study, carried out at the authors' highly sensitive roller in-stallation that makes it possible to evaluate impact of the contact parameters on a friction coefficient, we obtained an empirical expression for the coefficient of friction. In this case, we used lubricants of the oil brands MS-20, MC-22, Tp-46, TP-30, Tp-22, I-40A, I-30A, and I-20A [12] :
where Н σ is the contact stress, MPa; ν is the kinematic viscosity of oil, m 2 /s ; V Σ is the total rolling speed, m/s; s V is the slip velocity, m/s; a R is the arithmetic mean deviation of the profile within the basic length, m; r ρ is the reduced radius of the surfaces' curvature, m.
It is obvious that the less f, the larger L Z as well as the related load-bearing capacity. An argument in favor of this conclusion is that the coefficient Z L is directly included in the formula for calculating the contact endurance of the active surfaces of teethdependences (57), (63), (64), (67) -that affects load capacity of the toothed gears for a contact endurance criterion. For clarity, Fig. 3 shows a graph of dependence of a lubricant influence coefficient on the friction coefficient, calculated from formula (60). 
Thus, the lubricant influence coefficient L Z is linked in the general case to the contact stress, kinematic viscosity of oil, the roughness of surfaces, the total rolling speed, sliding speed and the reduced radius of curvature.
Study results show that the influence of a friction coefficient on the lubricant influence coefficient and related load bearing capacity of the toothed gear is significant [13] . The proposed procedure makes it possible to solve the inverse problem: knowing the kinematical and energy parameters of toothed gears, one may choose, based on a lubricant influence coefficient (� L Z ), a more efficient lubricating material.
Estimation of contact endurance of the toothed mechanisms under the influence of tangential stresses existing in the contact zone between active surfaces of teeth, with respect to a lubricant influence coefficient
The study conducted demonstrates that normal contact stresses only indirectly affect the main types of fracture of toothed gears. Therefore, responsibility for the emergence and development of damage should lay with the tangential stresses, which act in the contact zone between active surfaces of the teeth. However, in the design calculation of toothed gears, the influence of the tangential stress and the effect of a lubricant are almost ignored. The proposed procedure makes it possible to more accurately assess the effect of a lubricating oil on load capacity of the toothed gears and to solve the inverse problem: knowing the kinematical and energy parameters of toothed gears, it is required to choose, based on a lubricant influence coefficient Z L, a more effective lubricating material. Practical literature on the estimation and design of gear mechanisms should pay more attention to the influence of lubrication on their load capacity, to recommendations on the choice of lubricants for gear mechanisms, to determining the precise value for a lubricant influence coefficient.
When estimating the coefficient of lubricant influence on load capacity of toothed gears, the range of input values for contact parameters is valid at the following ranges in the change in parameters and dimensionality of the input magnitudes: If one is to consider the problem outside these ranges, there is a need to conduct additional experiments using different lubricants.
The shortcoming of this study is in that each lubricant requires experiments to calculate a lubricant influence coefficient K L . The statistical data that would be acquired must be added to existing reference books and tutorials on the calculation and design of toothed gear mechanisms.
Conclusions
1.
We have solved the problem on the contact between two bodies of arbitrary shape, close to half-planes, at the finite friction coefficient, without assumptions about the smallness of the contact area and the shape of borders; the result revealed that the value of the stress, derived from the refined solution to the contact problem, exceeds the stress, calculated according to the known Hertz solution, by 6 %.
2. The proposed calculation procedure makes it possible to more accurately assess the load-carrying capacity of toothed gears, taking into consideration the influence of lubricants, which is of practical importance when designing machines and assemblies.
3. The result of the refined calculation of toothed wheels in terms of contact strength is the derived analytical expression for a lubricant influence coefficient based on the criterion of a friction coefficient between the conjugated surfaces of friction nodes.
4. Based on the study performed, we propose to take into consideration a lubricant influence coefficient directly to determine the geometrical parameters.
Introduction
Lever mechanisms with a linear motion of moving parts are used in devices and equipment of various areas of mechanical engineering, including robotics, lifting machinery, machine tools, and mechatronics. Despite the complexity of the structure, multifaceted lever mechanisms of linear relocation in some devices have replaced guides with sliding carriages, telescopic mechanisms, and carriages on linear bearings. This is due to various factors: the requirements of layout and minimization of the dimensions, the need to protect open surfaces from friction, the tendency to jam carriages with translational pairs, etc.
The choice of the scheme and structure of these non-standard mechanisms can significantly affect the performance of the devices in general, their layout, dimensions, cost, etc.
Hinged lever mechanisms with translational or near-translational finite-element coupling provide for the implementation of compact structures in a folded state in the absence or minimum number of translational kinematic pairs [1, 2] . This avoids the drawbacks of translational pairs and uses standard camshafts with protected local friction surfaces in the design of rotary kinematics pairs. An increase in the course of the final link is achieved in these mechanisms by using levers.
Flat guide lever mechanisms with rotational pairs are found in devices for a steady movement of the working body of machine tools or platforms of lifts and manipulators of robots. In the designs of lifts and manipulators, flat lever pantograph mechanisms are widely used [3] [4] [5] , which, however, are not devoid of translational pairs. In woodworking format-cutting machines, combined circuits are employed,
